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INHOMOGENEOUS SUPERSYMMETRIC BILINEAR
FORMS
BOJKO BAKALOV AND MCKAY SULLIVAN
Abstract. We consider inhomogeneous supersymmetric bilinear
forms, i.e., forms that are neither even nor odd. We classify such
forms up to dimension seven in the case when the restrictions of
the form to the even and odd parts of the superspace are nonde-
generate. As an application, we introduce a new type of oscillator
Lie superalgebra.
1. Introduction
Many important Lie superalgebras can be constructed as subalgebras
of oscillator superalgebras (see, e.g., [3]). For other good references
on Lie superalgebras see [4], [1], and [6]. To obtain an oscillator Lie
superalgebra one may start with a superspace V = V0¯⊕ V1¯ over C and
a skew-supersymmetric bilinear form (·|·) : V × V → V , i.e., such that
(a|b) = −(−1)p(a)p(b)(b|a)
for all homogeneous a, b ∈ V of parities p(a) and p(b), respectively. One
usually takes this form to be nondegenerate and even, i.e., (V0¯|V1¯) = 0.
These two conditions imply that the restrictions of the form to V0¯ and
V1¯ are also nondegenerate. Then a Lie superalgebra structure is given
to the extension A = V ⊕ CK by declaring K to be an even central
element and letting
[a, b] = (a|b)K, a, b ∈ V.
The universal enveloping algebra U(A) is known as the oscillator alge-
bra. It admits highest weight representations, which can be restricted
to give representations of its subalgebras.
We will call a bilinear form (·|·) on a vector superspace V inhomoge-
neous if (V0¯|V1¯) 6= 0 and (Vi|Vi) 6= 0 for some i ∈ {0¯, 1¯}. Our original
motivation for studying inhomogeneous forms was to investigate repre-
sentations of subalgebras of the oscillator algebras obtained by relaxing
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the assumption that the bracket of an even (bosonic) oscillator and an
odd (fermionic) oscillator must be zero. Though skew-supersymmetric
forms are used to construct oscillator algebras, there is a natural one-
to-one correspondence between supersymmetric forms on V and skew-
supersymmetric forms on V Π, where V Π is the superspace obtained by
reversing the parity of the elements of V :
V Π0¯ = V1¯, V
Π
1¯ = V0¯.
The inhomogeneous supersymmetric bilinear forms whose restrictions
to V0¯ and V1¯ are nondegenerate will be called pre-oscillator forms,
and the algebras obtained as universal enveloping algebras of central
extensions of V Π inhomogeneous oscillator algebras.
Throughout the rest of the paper, every bilinear form (·|·) : V ×V →
C will be assumed to be a pre-oscillator form. Then we can choose
a homogeneous basis for V so that the Gram matrix of the form is a
block matrix of type
(1.1) G =
[
Ik B
BT J2ℓ
]
,
where dim V0¯ = k, dimV1¯ = 2ℓ, and
J2ℓ = diag(J, . . . , J), J =
[
0 1
−1 0
]
.
Remark 1.1. Further relaxing the assumption that the restrictions of
the form to even and odd parts are nondegenerate also leads to oscillator-
like algebras. An example is the superspace spanned by an even vector
v1 and an odd vector v2, with the form given by (v1|v1) = (v1|v2) =
(v2|v1) = 1, (v2|v2) = 0.
A bilinear form (·|·) on a superspace V will be called reducible if
V = U ⊕ W is an orthogonal direct sum of subsuperspaces, i.e., if
(U |W ) = 0. Otherwise (·|·) is irreducible. A natural first step in inves-
tigating inhomogeneous oscillator algebras is to classify all irreducible
pre-oscillator forms on a given superspace V . We call two bilinear
forms (·|·)1 and (·|·)2 equivalent if there exists an even automorphism
ϕ : V → V satisfying
(1.2) (ϕu|ϕv)1 = (u|v)2
for all u, v ∈ V .
In Section 2 we introduce invariants that help us distinguish between
equivalence classes of forms. Then in Section 3 we find representatives
of equivalence classes of irreducible forms and use the invariants to
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prove that they are irreducible and distinct. This allows us to obtain
a classification of pre-oscillator forms on superspaces of dimension up
to 7. Finally, in Section 4 we introduce oscillator Lie superalgebras ob-
tained from inhomogeneous bilinear forms and discuss a 3-dimensional
example.
2. Invariants
We aim to find invariants that distinguish the equivalence classes of
forms on a given superspace V . We assume (·|·)1 and (·|·)2 are equiv-
alent forms on V , and choose bases for V so that the Gram matrices
Gi (i = 1, 2) take the form (1.1) with B = Bi. If M is the matrix of
an even automorphism ϕ satisfying (1.2), then (1.2) can be written as
a matrix equation
(2.1) MTG1M = G2.
Since ϕ is even, M is a block matrix of the form
M =
[
X 0
0 Y
]
.
Then (2.1) holds if and only if we have:
X ∈ O(k) = {X ∈ GL(k) : XTX = Ik},
Y ∈ Sp(2ℓ) = {Y ∈ GL(2ℓ) : Y TJ2ℓY = J2ℓ},
B2 = X
TB1Y.
Hence finding the equivalence class of a bilinear form with Gram matrix
(1.1) is equivalent to finding the orbit of B under the right action of
O(k)× Sp(2ℓ) on Ck×2ℓ defined by
(2.2) B · (X, Y ) = XTBY.
Given X ∈ O(k) and Y ∈ Sp(2ℓ), let A = XTBY . Then ATA =
Y TBTBY is independent of X . Thus any invariant of the right action
of Sp(2ℓ) on C2ℓ×2ℓ given by
C · Y = Y TCY
is an invariant of BTB under the action (2.2). Similarly AJ2ℓA
T =
XTBJ2ℓB
TX is independent of Y . Thus any invariant of the right
action of O(k) on Ck×k given by
(2.3) C ·X = XTCX
is an invariant of BJ2ℓB
T under the joint action (2.2).
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Let us consider the action (2.3). Since det(X) = ±1, it is apparent
that det(XTCX) = det(C). Thus the determinant of BJ2ℓB
T is an
invariant of the action (2.2). More generally, we can write
(2.4) XT (BJ2ℓB
T − λIk)X = (XTBY )J2ℓ(XTBY )T − λIk.
This implies that the characteristic polynomials of the two matrices
BJ2ℓB
T and (XTBY )J2ℓ(X
TBY )T are equal. Therefore, the charac-
teristic polynomial
PB(λ) = det(BJ2ℓB
T − λIk)
is invariant under the joint action (2.2). We have obtained the following
theorem.
Theorem 2.1. Let V = V0¯ ⊕ V1¯ be a superspace with dim V0¯ = k and
dimV1¯ = 2ℓ, and let (·|·) : V × V → V be an inhomogeneous nonde-
generate supersymmetric bilinear form on V with Gram matrix (1.1)
in a given homogeneous basis. Then each coefficent of the character-
istic polynomial PB(λ) is an invariant for the joint action (2.2) of
O(k)× Sp(2ℓ) on B ∈ Ck×2ℓ.
By a similar argument, the polynomial
QB(λ) = det(B
TB − λJ2ℓ)
is also invariant under the action (2.2). However, it is essentially the
same as PB(λ).
Lemma 2.2. With the above notation, we have
(2.5) QB(λ) = (−1)kλ2ℓ−kPB(−λ).
Proof. Sylvester’s determinant identity (see, e.g., [7]) states that if U
and W are matrices of size m× n and n×m respectively, then
det(Im + UW ) = det(In +WU).
We replace U with λ−1A−1U , where A is an invertible m×m matrix,
thus obtaining
det(λA+ UW ) = λm−n det(λIn +WA
−1U) det(A).
Letting m = 2ℓ, n = k, A = −J2ℓ, and UT =W = B, we get (2.5). 
Along with the constant terms
p0(B) = PB(0) = det(BJ2ℓB
T ),
q0(B) = QB(0) = det(B
TB),
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the coefficient of λk−2 in PB(λ) will also be useful in the following
section. Let R1, . . . , Rk be the rows of B. Then up to a sign, this
coefficient is given by
pk−2(B) =
∑
1≤s1<s2≤k
(
RsiJ2ℓR
T
sj
)2
=
∑
1≤s1<s2≤k
( ℓ∑
t=1
det
[
bs1,2t−1 bs1,2t
bs2,2t−1 bs2,2t
])2
.
(2.6)
Remark 2.3. The following observation will be useful in the classifica-
tion given in the next section. Assume the matrix B satisfies CTC = 0
for every linear combination C of columns of B. Then this same prop-
erty holds for every matrix in the orbit of B under the action (2.2).
3. Classification up to dimension 7
In this section, for each superspace V with dim V ≤ 7, we will find
a representative of each equivalence class of irreducible pre-oscillator
forms on V . First, let b = (b1, . . . , bk)
T ∈ Ck be a column vector and
q(b) = bT b. We aim to find a canonical form for a representative of the
orbit of b under the left action Xb of X ∈ O(k).
Proposition 3.1. Let b ∈ Ck be a column vector. If q(b) 6= 0, then
under the left action of O(k), b is in the orbit of
(3.1) (
√
q(b), 0, . . . , 0)T ,
where
√
a is defined to be the unique element γ of
C
+ = {γ ∈ C : Re γ > 0 or Re γ = 0 and Im γ > 0}
satisfying γ2 = a. On the other hand, if q(b) = 0, then either b = 0
or b is in the orbit of
(3.2) (1, i, 0, . . . , 0)T .
Proof. If q(b) 6= 0, it is enough to give the proof in the case when k = 2,
because the general case can be reduced to that. Let b = (b1, b2)
T be
such that q(b) 6= 0. Then the matrix
X =
1√
q(b)
[
b1 b2
−b2 b1
]
∈ O(2)
satisfies Xb = (
√
q(b), 0)T .
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Now assume q(b) = 0. If k = 2, then q(b) = 0 implies b = (b1,±ib1)T .
These two possible forms for b are in the same orbit, so without loss of
generality b = (b1, ib1)
T . Then Xb = (1, i)T for
(3.3) X =
1
2b1
[
b21 + 1 i(b
2
1 − 1)
−i(b21 − 1) b21 + 1
]
∈ O(2).
Now suppose k ≥ 3 and b is nonzero. Then possibly after reordering,
we may assume b1 6= 0. Then
b22 + · · ·+ b2k = −b21 6= 0.
There exists an orthogonal transformation X that leaves b1 invariant
and replaces (b2, . . . , bk)
T with a vector of the form (3.1). Thus we
obtain
Xb = (b1, ib1, 0, . . . , 0)
T .
Then using an orthogonal transformation that acts as (3.3) on rows 1
and 2 and as the identity on the remaining rows, we obtain (3.2). 
Now we consider the right action of the symplectic group: B 7→ BY
for B ∈ Ck×2ℓ and Y ∈ Sp(2ℓ). Let C1, . . . , C2ℓ be the columns of B.
For 1 ≤ i ≤ ℓ, we will say columns C2i−1, C2i are paired. Using suitable
Y ∈ Sp(2ℓ), we can perform the following elementary operations on
paired columns of B.
i. Rescaling by λ 6= 0:
(. . . , C2i−1, C2i, . . .) 7→ (. . . , λC2i−1, λ−1C2i, . . .).
ii. Adding any multiple of a column to its paired column:
(. . . , C2i−1, C2i, . . .) 7→ (. . . , C2i−1, C2i + λC2i−1, . . .).
iii. Switching columns:
(. . . , C2i−1, C2i, . . .) 7→ (. . . , C2i,−C2i−1, . . .).
The following are elementary operations outside of pairs.
iv. Adding a multiple of a column to a column other than its pair:
(. . ., C2i−1, C2i, . . . , C2j−1, C2j, . . .)
7→ (. . . , C2i−1 − λC2j−1, C2i, . . . , C2j−1, C2j + λC2i, . . .).
v. Switching pairs of columns:
(. . . , C2i−1, C2i, . . . ,C2j−1, C2j, . . .)
7→ (. . . , C2j−1, C2j, . . . , C2i−1, C2i, . . .).
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From the above discussion, we see that using the orthogonal action,
we can always reduce to at most 4ℓ nonzero rows. Also, using the
symplectic action we can always reduce so that at most the first 2k
columns are nonzero. Thus if V has an irreducible bilinear form, its
even and odd dimensions must satisfy ℓ ≤ k ≤ 4ℓ. It follows that to
obtain a complete classification of irreducible pre-oscillator forms up
to dimension 7, we only need to consider the following cases.
Case k = ℓ = 1. It is easy to see that B is in the orbit of
B1 =
[
1 0
]
.
Case k = ℓ = 2. If there exists a linear combination C = λ1C1+ · · ·+
λ2ℓC2ℓ of columns satisfying q(C) 6= 0, then we can use the symplectic
action to put C in the first column of B. Then using the orthogonal
action and rescaling we obtain
B =
[
1 b12 b13 b14
0 b22 b23 b24
]
.
Using the symplectic action we eliminate b13 and b14 followed by b12
obtaining a matrix of the form
B =
[
1 0 0 0
0 b22 b23 b24
]
.
Then again via the symplectic action we get
B =
[
1 0 0 0
0 α 0 0
]
.
If α = 0, this reduces to B1. If α 6= 0, then this reduces to the case
B2,α =
[
1 0
0 α
]
(α ∈ C+).
Finally, assume every linear combination C of the columns of B satisfies
q(C) = 0. Then using the orthogonal action we obtain
B =
[
1 b12 b13 b14
i ib12 ib13 ib14
]
.
Using the symplectic action we eliminate columns 2, 3, and 4. Thus
this reduces to the case
B3 =
[
1 0
i 0
]
.
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Notice that this argument also shows that every irreducible matrix B
of size k = 2, ℓ = 1 is in the orbit of B2,α or B3. The details of the
remaining cases are similar to those already shown, so we omit them
and provide the results.
Case k = 3, ℓ = 1. The matrix B is in the orbit of
(3.4) B4 =


1 0
0 1
0 i

,
or it can be reduced to B1, B2,α, or B3.
Case k = 3, ℓ = 2. Either the matrix B is in the orbit of
B5 =


1 0 0 0
0 1 1 0
0 0 0 i

,
or it can be reduced to an orthogonal direct sum involving the previous
four irreducible cases.
Case k = 4, ℓ = 1. Either B is in the orbit of
B6 =


1 0
i 0
0 1
0 i

,
or it reduces to one of B1, B2,α, B3, or B4.
Theorem 3.2. Let V = V0¯ ⊕ V1¯ be a superspace of dimension ≤ 7.
The following is a complete list up to equivalence of inhomogeneous
irreducible supersymmetric bilinear forms on V whose restrictions to
V0¯ and V1¯ are nondegenerate (α ∈ C+):
dimV0¯ dimV1¯ B
1 2 B1
2 2 B2,α, B3
3 2 B4
3 4 B5
4 2 B6
.
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Proof. We have shown that every matrix B corresponding to a bilinear
form on a superspace of dimension up to seven is either reducible or in
the orbit of one of the representatives listed in the table. In order to
complete the proof of the theorem we need to check that the entries in
the last column of the table are irreducible and distinct, i.e., in different
orbits.
The matrix B1 clearly corresponds to an irreducible form. We note
that det(B3)
2 = 0 and det(B2,α)
2 = α2. Thus these matrices are all in
distinct orbits. If any of these matrices reduces, it must be in the orbit
of
(3.5)
[
1 0
0 0
]
,
but this matrix has determinant 0 and therefore cannot share an orbit
with B2,α. So B2,α is irreducible for α ∈ C. That B3 is not in the orbit
of (3.5) follows from Remark 2.3.
The matrix B4 has rank 2 and so reduces only if it is in the orbit of
the matrix
(3.6)


1 0
0 α
0 0


for some α ∈ C+. But the invariant p1 (cf. (2.6)) evaluated on the
matrix (3.6) is α2 6= 0, whereas p1(B4) = 0. So B4 is irreducible. The
matrix B6 has rank 2 and is therefore reducible only if it is in the orbit
of B4 or the matrix
(3.7)


1 0
0 α
0 0
0 0


for some α ∈ C+. By Remark 2.3, B6 is not in the orbit of B4 or (3.7).
So B6 is irreducible.
B5 has rank three and so is reducible only if it is in the orbit of the
matrix
(3.8)


1 0 0 0
0 α 0 0
0 0 1 0


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for some α ∈ C+. But the invariant p1 shows that B5 is not in the same
orbit as (3.8). So B5 is irreducible. 
Applying our methods to higher dimensions, we have found that
the classification seems to become increasingly complicated as dimV
increases. Though it should be possible to extend the classification
to dimension 8 or 9 with the methods of this paper, a more general
approach will be needed for a complete classification in any dimension.
We plan to address this question in the future by using the theory of
θ-groups (see [2, 5]).
4. Oscillator Lie superalgebras
As we explained in the introduction, oscillator Lie superalgebras can
be obtained from skew-supersymmetric bilinear forms. Now we show
how one obtains an inhomogoneous oscillator superalgebra from an
inhomogeneous pre-oscillator form. Then we use an example of such a
superalgebra to construct a trivial abelian extension of osp(1|2).
Let V = V0¯ ⊕ V1¯ be a superspace and (·|·) : V × V → C be a skew-
supersymmetric pre-oscillator form. Consider the extension
(4.1) A = V ⊕ CK ⊕ Cκ.
We give this extension the structure of a Lie superalgebra by declaring
K and κ to be even and odd central elements respectively and letting
(4.2) [a, b] =
{
(a|b)K, p(a) = p(b)
(a|b)κ, p(a) 6= p(b)
for all homogeneous vectors a, b ∈ V .
Before considering an example of such a form, let us recall a con-
struction of osp(1|2) as a subalgebra of a homogeneous oscillator al-
gebra. Assume k = ℓ = 1 and (·|·) is a nondegenerate, even, skew-
supersymmetric bilinear form. Then there exist bases {b1, b2} of V0¯
and {a} of V1¯ such that the Gram matrix of the bilinear form is
G =


0 1 0
−1 0 0
0 0 1

.
The central extension A = V ⊕ CK has nonzero brackets
[b1, b2] = K, {a, a} = K,
where we use {·, ·} to denote the superbracket of odd vectors. Then
osp(1|2) is realized as a subalgebra of the oscillator algebra U(A) as
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follows (see, e.g., [3]):
H =
1
4
b2b1 +
1
4
b1b2, F
+ =
1
4
ab2 +
1
4
b2a,
E+ =
1
2
b22, F
− =
1
4
ab1 +
1
4
b1a,(4.3)
E− = −1
2
b21,
with brackets
[H,E±] = ±E±, [E+, E−] = 2H,
[H,F±] = ±1
2
F±, {F+, F−} = 1
2
H,
[E±, F∓] = −F±, {F±, F±} = ±1
2
E±.
We obtain a highest weight representation of U(A) on a Fock space
F = C[x]⊗Cξ where ξ is an odd indeterminate satisfying ξ2 = 1
2
. The
action of A on F is given by
b1 7→ ∂x, b2 7→ x, a 7→ ξ, K 7→ Id.
Now consider the case when the Gram matrix is given instead by
G =


0 1 1
−1 0 0
−1 0 1

.
This inhomogeneous form gives rise to the central extension (4.1) with
nonzero brackets
[b1, b2] = K, [b1, a] = κ, {a, a} = K.
We consider the same elements (4.3) of U(A) we used to construct
osp(1|2) in the previous example. Then the brackets become
[H,E±] = ±E±, [E−, F−] = κE−,
[H,F+] =
1
2
F+ +
κ
2
E+, [E+, E−] = 2H,
[H,F−] = −1
2
F− +
κ
2
H, {F+, F−} = 1
2
H − κ
2
F+,(4.4)
[E+, F−] = −F+, {F+, F+} = 1
2
E+,
[E−, F+] = −F− − κH, {F−, F−} = −1
2
E− − κF−.
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Observe that κ2 = 0 in U(A). Thus the brackets of the osp(1|2)
subalgebra have been modified by elements of the abelian ideal
M = span{κH, κE±, κF±}.
We note that span{H,E±, F±} acts onM as the adjoint representation
of osp(1|2), and thus we have a Lie superalgebra structure on the vector
space L = osp(1|2)⊕M such that the projection π : L→ osp(1|2) is a
surjective homomorphism, and the restriction of the adjoint represen-
tation of L to M yields the original action of osp(1|2) on M . Thus L
is an abelian extension of osp(1|2) by its adjoint representation viewed
as an abelian Lie superalgebra with parities reversed.
Denote by [·, ·]L the bracket on L given by (4.4) and let
γ : osp(1|2)× osp(1|2)→ osp(1|2)
satisfy
[a, b]L = [a, b] + κγ(a, b).
This extension is trivial if there exists an odd linear map f : osp(1|2)→
osp(1|2) such that
(4.5) γ(a, b) = (−1)p(a)[a, f(b)]− (−1)(p(a)+1)p(b)[b, f(a)]− f([a, b])
for all a, b ∈ osp(1|2). It is straightforward to check that the following
choice of f satisfies (4.5):
f(H) = f(E±) = 0, f(F+) = E+, f(F−) = H.
As before, we can represent A on the Fock space F = C[x]⊗∧(ξ, κ)
where ξ is odd with ξ2 = 1
2
and κ acts as an odd indeterminate that
we denote again by κ. Then the action of A on F is given by
b1 7→ ∂x + κ∂ξ, b2 7→ x, a 7→ ξ, K 7→ Id, κ 7→ κ.
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